In this paper, we find all the generic polynomials for geometric ℓ-cyclic function field extensions over the finite fields F q where q " p n , p prime integer such that q "´1 mod ℓ and pℓ, pq " 1.
Throughout the paper we will adopt the following notations unless mentioned differently. K denotes a one variable function field with field of constants F q where q " p n , p prime integer. Given x P K, we denote O K,x is the integral closure of F q rxs in L. Let L{K be a cyclic Galois extension of degree ℓ with pℓ, pq " 1. We write ℓ " ś s i"1 ℓ
where ℓ i are distinct prime integers and f i positive integer. Let ξ be a primitive ℓ th -root of unity. We suppose that q "´1 mod ℓ. So that, by [2, Theorem 2.10], F q do not contains any primitive ℓ th root of unity. More precisely, we have rF q pξq : F q s " 2 and the minimal polynomial of ξ over F q is X 2´p ξ`ξ´1qX`1 and pξ`ξ´1q P F q . We denote by σ the generator of GalpF q pξq, F, we have that σpξq " ξ´1.
In this paper, our main result finds all the generic polynomials for geometric cyclic function field extensions over those finite fields F q (Theorem 1.5). We find a one parameter family of generic polynomials of a cyclic extensions when ℓ is odd and a two parameters family of generic polynomials when ℓ is even (Corollary 1.8). We also classify cyclic extensions up to isomorphism over those finite field F q (Lemma 1.10). Note that, in particular, this permits to classify all the geometric cyclic extensions of degree 3, 4 and 6 over any finite fields F q . We describe the Galois action on a generator with a minimal polynomial in our form (Corollary 1.11). We end the paper with the study of the ramification in term of our generation (Theorem 2.1). In particular, we find that under our assumptions the ramified places are of even degree.
1 Generic polynomials for cyclic extensions Lemma 1.1. Let L{K be a cyclic extension of degree ℓ with q "´1 mod ℓ. Suppose w is a Kummer generator for Lpξq{Kpξq whose minimal polynomial is of the form X ℓ´a , y :" σpwq`w is a generator for L{K and u :" σpwqw P K. We write ℓ " 2ι`r, where r " 0, 1. Then, the minimal polynomial of y over K is of the form for any l integer where the c s,l are define recursively as before, we have that if ℓ " ś t i"1 l i where l i are not necessarily distinct factors of ℓ, then
Proof. Under the assumption of the theorem we determine the minimal polynomial of y " w`σpwq. For if,
Note that ℓ´2i is the same parity of ℓ. We set ω r j " w 2 j`r`σ pwq 2 j`r for 0 ď j ď ℓ´1 2 and p j, rq ‰ 0 and ω
We have ω
By induction in j for r " 0, 1, we prove that From the computation above we see that this property is true for j " 1. Suppose that this property is true for ω r t , 1 ď t ď j, for some fixed j. We want to prove it remain true for w r j`1 . Using the induction assumption, we obtain
Using the induction assumption, we have,
Moreover, note that when ℓ " ś t i"1 l i where l i are non necessarily distinct factor of ℓ, the minimal polynomial of y over L l 1 the fixed field of L by the subgroup of GalpL{Kq isomorphic to Z{l 1 Z is P u,α k`α k and α k " w l 1 l 2¨¨¨lk`σ pw l 1 l 2¨¨¨lk q. By uniqueness of the minimal polynomial of y over K, we obtain that
The previous lemma hold for general field extensions over a field of positive characteristic.
2. Note that when 2|ℓ, the polynomial P ℓ u,α pXq only involve even degree monomials and when pℓ, 2q " 1, the polynomial P ℓ u,α pXq only involve odd degree monomials. 3. We list some of those polynomials P 3 u,α pXq "
. We recognize P 3 u,α pXq when u " 1 being the generic polynomials obtained in [3] and [4] . We will prove that those polynomials P ℓ u,α pXq are generic polynomials for cyclic extensions of degree ℓ over F q when q "´1 mod 3. Lemma 1.3. Let L{K be a geometric cyclic extension of degree ℓ with q "´1 mod ℓ. For any z Kummer generator for Lpξq{Kpξq, zσpzq P K.
Proof. By [1, Theorem 5.8.5], we know that Lpξq{Kpξq is a Kummer extension thus there exists a Kummer generator z whose minimal polynomial is X ℓ´a with a P Kpξq. Note that σpzq is also a Kummer generator for Lpξq{Kpξq with minimal polynomial X ℓ´σ paq.
We can write Lpξq{Kpξq as a tower of prime degree extension
and we get a tower of cyclic prime degree extension
We set w 0,1 " z, w s`1, f s`1 " a and f 0 " f s`1 " 1.
We want to prove that zσpzq P K. Since σpzσpzqq " zσpzq, zσpzq P L and we have
Similarly, w i, j σpw i,t i q P Kpw i,t i q, for any 1 ď i ď s and 1 ď t i ď f i . We have two cases, either all the ℓ i are odd or one of the ℓ i is equal to 2, in which case we can suppose without loss of generality that ℓ s " 2.
1. Case 1: all ℓ j are odd, for 1 ď j ď s.
But the later case is impossible since Kpw i, j σpw i, j qq{Kpw k,l σpw k,lis a subextension in the cyclic extension L{K so it would be a Kummer extension, which is contradictory to the assumption that q "´1 mod ℓ implying that q "´1 mod ℓ k (see [1, Theorem 5.8.5]). From this, we can prove that rKpzσpzqq{Ks " rKpw 1,1 σpw 1,1 qq{Ks "¨¨¨" rKpw s, f s σpw s, f s qq{Ks " 1 And thus, zσpzq P K.
2.
Case 2: one of the ℓ i is equal to 2, in which case we can suppose without loss of generality that ℓ s " 2. And using the same reasoning as in the case paq where f s " 1 we can deduce that w s,e s σpw s,e s q P K and finally, we have again zσpzq P K.
Lemma 1.4. Let L{K be a geometric cyclic extension of degree ℓ with q "´1 mod ℓ. For any z Kummer generator for Lpξq{Kpξq, there is η P F q pξq˚such that σpηzq`ηz is a generator for L{K and σpηqη " 1.
Proof. We write z " z 1`ξ z 2 , we have thus that z 1 , z 2 P L and z 2 ‰ 0 since z R L and not both z 1 and z 2 are in proper the subextension of L{K over K since z is a generator for Lpξq{Kpξq.
We have ξ`ξ´1 ‰˘2, since if this equality was satisfied, we would have X 2´p ξξ´1 qX`1 " X 2¯2 X`1 is not irreducible over F q contradicting that q "´1 mod ℓ and thus rF q pξq : F q s " 2.
Taking ζ "
Taking ζ 1 " ξ´2´1 pξ`ξ´1q 2´4 , we get
For any 1 ď k ď f i and any 1 ď i ď s, we denote L ℓ k i be the fixed field of L by the unique subgroup of GalpL{Kq isomorphic to Z{ℓ That also implies in this case, that either z 1 " z`σpzq or z 2 " ξ´1z`σpξ´1zq is a generator for L{L ℓ f i i . Indeed, z`σpzq " 2z 1`p ξ`ξ´1qz 2 and ξ´1z`σpξ´1zq " 2z 2`p ξ`ξ´1qz 1 . As before, if none of them was a generator for L{L ℓ f i i , we would have that they both belong to L ℓ f i´1 i but then the same would be true for pξ`ξ´1qpξ´1z`σpξ´1zqq´2pz`σpzqq " rpξ`ξ´1q
2´4 As a consequence, if z 1 " kz 2 for some k P K˚then z 1 " z`σpzq and z 2 " ξ´1z`σpξ´1zq are both generators for L{K and the theorem is proven.
Also, if either I or J is the all t1,¨¨¨, su then either z 1 " z`σpzq or z 2 " ξ´1z`σpξ´1zq is a generator for L over K and the theorem is again proven.
Otherwise, there is i 0 P t1,¨¨¨, suzI and i 1 P t1,¨¨¨, suzJ and i 0 ‰ i 1 . Note also that since by assumption ℓ " ś s i"1 ℓ
|q´1 then q´1 ě ℓ ą s. Indeed, ℓ is bigger or equal to the product of the s smallest prime numbers and the s th smallest prime number is already bigger than s. We denote U q`1 the set of the pq`1q th roots of unity in F q pξq˚, we have U q`1 " q`1 ą s`2. Note that by assumption ξ and ξ´1 is a root of RpXq " X 2´p ξ`ξ´1qX`1 with pξ`ξ´1q P F q . Hence, we have also that ξ q is a root of RpXq and thus either ξ " ξ q or ξ´1 " ξ q but since ξ R F q , we have ξ´1 " ξ q . So that, for χ " c 1`ξ c 2 P U q`1 , we have χσpχq " pc 1`ξ c 2 qpc 1`ξ´1 c 2 q " pc 1`ξ c 2 qpc 1`ξ q c 2 q " pc 1`ξ c 2`1 " 1 Moreover, z 1 , z 2 and z 1`χ z 2 are distinct elements in L, for χ P F q pξq˚and ξ´1χ`1 P U q`1 , since by assumption, z 1 ‰ kz 2 , for any k, l P K.
Let χ 1 P F q pξq˚such that 1`χ 1 ξ´1 P U q`1 and 1 ď i ď s, then either z 1 or z 1`χ1 z 2 is a generator for L{L , and
, then z 1 and z 2 would both belong to L{L ℓ f i´1 i again contradicting that z generates L over K as proven above. Thus, z 1`χ1 z 2 is a generator of L{L J 1 where J 1 is a subset of t1,¨¨¨, su such that I Y J 1 " t1,¨¨¨, su with J 1 maximal subset having this property and L J 1 is the fixed field of L by the unique subgroup of GalpL{Kq isomorphic to Z{p ś
qZ. Similarly, given 1 ď i ď s, we can prove that either z 2 or z 1`χ1 z 2 is a generator for L{L If J 1 is all t1,¨¨¨, su then z 1`χ1 z 2 " ηz`σpηzq is a generator L{K where η " 1`χ 1 ξ´1 P U q`1 thus ησpηq " 1, proving the theorem.
Otherwise, there is i 2 P t1,¨¨¨, suzJ 1 . But since J Y J 1 " t1,¨¨¨, su and I Y J 1 " t1,¨¨¨, su then i 0 and i 1 P J 1 thus i 0 , i 1 and i 2 are distinct and |J 1 | ě 2.
We then let χ 2 P F q pξq˚such that 1`χ 2 ξ´1 P U q`1 and χ 1 ‰ χ 2 , as before we prove that z 1`χ2 z 2 is also a generator of L{L J 2 where J 2 is a subset of t1,¨¨¨, su such that I Y J 2 " t1,¨¨¨, su, L J 2 is the fixed field of L by the unique subgroup of GalpL{Kq isomorphic to Z{p ś
qZ with I Y J 2 " t1,¨¨¨, su and J Y J 2 " t1,¨¨¨, su with J 2 maximal subset having this property. Given 1 ď i ď s, we can also prove using the same argument as before that either z 1`χ1 z 2 or z 1`χ2 z 2 is a generator for L{L ℓ e i i since z 1`χ1 z 2´p z 1`χ2 z 2 q " pχ 1´χ2 qz 2 and
If J 2 is all t1,¨¨¨, su then z 1`χ2 z 2 " ηz`σpηzq is a generator L{K where η " 1`χ 2 ξ´1 proving the theorem.
Otherwise, there is i 3 P t1,¨¨¨, suzJ 1 , and since I Y J 2 " J Y J 2 " J 1 Y J 2 " t1,¨¨¨, su we have i 0 , i 1 , i 2 P J 2 and thus i 0 , i 1 , i 2 , i 3 are all distinct and |J 2 | ě 3. Reproducing this process, with χ 3 ,¨¨¨χ s´1 P F q pξq˚such that 1`χ i ξ´1 P U q`1 , for 1 ď i ď s´1, all distinct and distinct from χ 1 and χ 2 which exist since s ă |U q`1 |, we find that either z 1`χk z 2 is a generator for L{K for some k P t3,¨¨¨, s´2u or |J s´1 | ě s and z 1`χs´1 z 2 is a generator for L{K. In any case, we find η P U q`1 such that ηz`σpηzq is a generator for L{K Theorem 1.5. Let L{K be a geometric cyclic extension of degree ℓ with q "´1 mod ℓ. There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a such that y :" σpwq`w is a generator for L{K and u :" σpwqw P K so that the minimal polynomial of y over K is P ℓ u,α pXq as in lemma 1.1 where α " a`σpaq. Conversely, if L{K is a geometric extension of degree ℓ with q "´1 mod ℓ and a generator y whose minimal polymomial is of form P ℓ u,α pXq where u, α P K such that u ℓ " aσpaq and α " a`σpaq, for some a P KpξqzK then L{K is a cyclic extension.
Proof. The first statement of the theorem is a direct consequence of Lemmas 1.1, 1.3 and 1.4, noting that if z is a Kummer generator for Lpξq{Kpξq then ηz is also a Kummer generator for Lpξq{Kpξq, by [1, Theorem 5.8.5].
Conversely, suppose that L{K is an extension of degree ℓ with q "´1 mod ℓ and a generator y whose minimal polymomial is of form P ℓ u,α pXq where u, α P K such that u ℓ " aσpaq and α " a`σpaq, for some a P Kpξq. Let z 1 , z 2 P L alg where L alg is the algebraic closure of L the two roots of the polynomial X 2´y X`u " 0. Then y " z 1`z2 and u " z 1 z 2 , by Lemma 1.1, we have that
, we have
We have that α " a`σpaq and u ℓ " aσpaq then a and σpaq are root of the polynomial
Hence, up to reindexing, z ℓ 1 " a and z ℓ 2 " σpaq and σpz 1 q ‰ z 1 since a P KpξqzK. Moreover, the coefficient of TpXq " X 2´y X`u are in L, so that if z 1 is a root of TpXq then σpz 1 q is a root of TpXq and thus, z 2 " σpz 1 q. Since σpz 1 q ‰ z 1 , we also obtain that ξ P Lpz 1 q from rLpz 1 q : Ls ď 2 we can conclude that Lpz 1 q " Lpξq.
Since z ℓ 1 " a P Kpξq, rKpξqpz 1 q : Kpξqs ď ℓ. If rKpξqpz 1 q : Kpξqs ă ℓ, since Kpξqpz 1 q " Kpξqpσpz 1 qq, then y :" z 1`σ pz 1 q would belong to a proper subextension of L{K, and rKpyq : Ks ă ℓ, which contradicts that y is a generator for L{K. As a consequence, z 1 is a Kummer generator for Lpξq{Kpξq and Lpξq{Kpξq is cyclic. The set of all the ζz 1 where ζ is a ℓ th root of unity is the set of distinct roots for the polynomial X ℓ´a and then ζz 1`σ pζz 1 q are the distinct roots of P ℓ u,α pXq. Indeed, ζ " ξ i for some 0 ď i ď ℓ´1, thus σpζq " ζ´1, ζz 1 σpζz 1 q " u and pζz 1 q
, which contradicts that L{K is a geometric extension. Proving that ζz 1`σ pζz 1 q are the distinct roots of P ℓ u,α pXq. This proves that L{K is cyclic. Lemma 1.6. Let σ a generator of GalpKpξq{Kq with ξ a primitive ℓ th root of unity. Let
where C " A B . When K " F q pxq, one can choose pA, Bq " 1.
Proof. Let γ P K˚. If we have γ`dσpγq " 0, then d "´γ σpγq . Noting that ξ´ξ´1 σpξ´ξ´1q "´1. In this case, on can take θ " pξ´ξ´1qγ and obtain d " θ σpθq .
Otherwise, let θ " γ`dσpγq ‰ 0, so that,
We write θ " θ 1`ξ θ 2 , where θ 1 , θ 2 P K. One can write θ 1 "
and θ 2 "
where
and σpθq "
Taking A " A 1 B 2 and B " A 2 B 1 , we obtain the theorem for general K. When K " F q pxq, one can take A "
and prove the theorem, in this case. Corollary 1.7. Let L{K be a geometric cyclic extension of degree ℓ with q "´1 mod ℓ. There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a such that y :" σpwq`w is a generator for L{K and so that the minimal polynomial of y over K is P ℓ u,α pXq as in lemma 1.1 where α " a`σpaq and 1. when ℓ is an odd integer, u " wσpwq " aσpaq " 1;
1 where u " wσpwq P K and
More precisely, y generates the extension L{L 2 where L 2 is the fixed field of L by the unique subgroup of GalpL{Kq isomorphic to Z{2Z with generating equation: ] which leads to a contradiction. By Lemma 1.4, there exist η P F q pξqs uch that ησpηq " 1, ηv`σpηvq is a generator for L{K. Thus taking w " ηv, we have y :" w`σpwq is a generator for L{K and wσpwq " 1, w ℓ " η ℓ σpcq c ": a and by Lemma 1.1, the minimal polynomial of y is P ℓ 1,α where α " a`σpaq.
2. Suppose ℓ is an even integer. Thanks to Theorem 1.5, we can choose w to be a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a such that y :" σpwq`w is a generator for L{K with minimal polynomial P ℓ u,α pXq with u " wσpwq P K and α " a`σpaq. Note that
As a consequence, a
Note that since P ℓ u,α pXq only involves even monomial we can write P ℓ u,α pXq " QpX 2 q. where QpXq is a monic irreducible polynomial over K and degpQpXqq " ℓ 2
. Thus
QpXq is the minimal polynomial of y 2 , rKpy 2 q : Ks "
and L 2 " Kpy 2 q and y :"
is also a generator for L 2 {K since u P K. Moreover, pXq and the the result.
Combining together Theorem 1.5, Corollary 1.7 and Lemma 1.6, we obtain: Corollary 1.8. Let L{K be a cyclic extension of degree ℓ with q "´1 mod ℓ. There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a such that y :" σpwq`w is a generator for L{K and u :" σpwqw P K so that the minimal polynomial of y over K is 1.
for some A, B P O K,x such that a "
σpA`ξBq A`ξB and u " 1, when ℓ is an odd integer; 2.
, when ℓ is an even integer; where c s,ℓ are defined in Lemma 1.1.
One can obtain the following result combining Theorem 1.5 and Proposition 5.8.7. VS Lemma 1.10. Let L 1 {K and L 2 {K be two geometric cyclic extensions of degree ℓ with q "´1 mod ℓ. For i " 1, 2, there exists w i a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a i such that y i :" σpw i q`w i is a generator for L{K, so that the minimal polynomial of y i over K is P ℓ u i ,α i pXq as in lemma 1.1 where α i " a i`σ pa i q and u i :" σpw i qw i P K. Then, the following assertions are equivalent:
so that y 2 " cw j 1`σ pcqσpw 1 q j for all 1 ď j ď n´1 such that p j, nq " 1 and c P Kpξq.
The following result is a direct corollary of the previous lemma. Corollary 1.11. Let L{K be a geometric cyclic extension of degree ℓ with q "´1 mod ℓ. There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a such that y :" σpwq`w is a generator for L{K, so that the minimal polynomial of y over K is P ℓ,u,α pXq as in lemma 1.1 where α " a`σpaq and u :" σpwqw P K. Then the Galois group can be identified with the group of the ℓ th root of unity, and the Galois action is given by y Þ Ñ y ζ " σpζwq`ζw 2 Ramification Theorem 2.1. Let L{K be a geometric cyclic extension of degree ℓ with q "´1 mod ℓ. As in Theorem 1.5, we choose w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is X ℓ´a such that y :" σpwq`w is a generator for L{K, so that the minimal polynomial of y over K is P ℓ,u,α pXq as in lemma 1.1 where α " a`σpaq and u :" σpwqw P K. Let p be a place of K and P a place of L above p. We denote epP|pq the index of ramification of P|p, We havë when v p p u ℓ α 2 q ě 0 then v p`α˘‰ 0, p is of even degree and epP|pq " ℓ pℓ,v p pαqq . v p`α˘" 0, epP|pq " 1.
when v p p u ℓ α 2 q ă 0 then epP|pq " 2, if pv p puq, 2q " 1. epP|pq " 1, otherwise. When ℓ is odd, one can choose y such that u " 1, p is unramified if and only if v p pαq ě 0. Moreover, when p is ramified ,p is of even degree and epP|pq " ℓ pℓ, v p pαqq .
Proof. Let p be a place of K, p ξ a place of Kpξq above p and P a place of L above γ i σpγ i q is then an irreducible polynomial in F q rxs and pθσpθq, θ 2`σ pθq 2 q " 1 so that if p i is the finite place of K corresponding to γ i σpγ i q, v p i pa`σpaqq "´m i . Clearly, at any other finite place, v p i pa`σpaqq ě 0.
Finally, since degpθq " degpσpθqq, we have v p 8 paq " 0, so that v p 8 pa`σpaqq ě 0, concluding the proof of the lemma.
